Axisymmetric, rigidly rotating polytropes are considered in the framework of both the original Chandrasekhar (C33) approximation and a different version (extended C33 approximation). Special effort is devoted to two specific points, namely (i) a contradiction between the binomial series evaluation, (θ w + ∆θ) n ≈ θ n w + nθ n−1 w ∆θ, implying |∆θ| ≪ |θ w |, and the vanishing density on the boundary, implying θ w → 0, which affects the self-consistency of the above mentioned approximations, and (ii) the continuity of selected parameters as a function of the polytropic index, n. Concerning (i), it is shown EmdenChandrasekhar (EC) associated functions, θ 0 , θ 2 , and ψ 0 , ψ 2 , are defined at any internal point even if related EC associated equations hold only for a particular subvolume, in the framework of the extended C33 and the C33 approximation, respectively. Concerning (ii), the continuity may safely be established in the limit, n → 0, n → 5, for part of the parameters, while additional data are needed for the remaining part. Simple fitting curves, valid to a good extent for a wide range of n, involve exponential functions and, in a single case, two straight lines joined by a parabolic segment. The expression of physical parameters in terms of the polytropic index can be used in building up sequences of configurations with changing density profile for assigned mass and angular momentum.
, hereafter quoted as C33), and later investigations, (Chandrasekhar 1933b; Chandrasekhar and Lebovitz 1962) .
Unfortunately, the correction terms are inferred from differential equations (hereafter quoted as EC associated equations) where the zero-th order term is divergent on the boundary for sufficiently mild density profiles, concerning polytropic index within the range, 0 ≤ n < 1. It is worth remembering that homogeneous and extended Roche (maximal concentration: finite mass extending up to infinity or mass point surrounded by a vanishing atmosphere within a finite region) configurations relate to n = 0 and n = 5, respectively. The above mentioned correction terms involve Legendre polynomials of degree 0 and 2, P 0 (µ) and P 2 (µ), respectively.
With regard to radial distortions, related to P 0 (µ), the correction term, χ 0 , may be incorporated into the unperturbed radial function, θ E , and the resulting perturbed radial function, θ 0 (ξ, υ) = θ E (ξ)+χ 0 (ξ, υ), is the solution of a generalized Lane-Emden equation where rotation is also included. Accordingly, the above mentioned inconvenient is avoided at the price that the correction terms, χ 0 , A 2 θ 2 , depend on the rotation parameter, υ, contrary to their counterparts in C33 approximation, υψ 0 , υC 2 ψ 2 , where the rotation parameter appears as a factor. In the nonrotating limit, υ → 0, the following relations hold:
where, keeping in mind both θ 2 (ξ, υ) and ψ 2 (ξ) are undetermined by a multiplicative constant, the relation on the right-hand side can be splitted as:
as shown below in dealing with the general theory. The approximation under discussion shall be quoted in the following as the extended C33 approximation. Related systems shall be quoted as EC polytropes, similarly to their counterparts within the framework of the C33 approximation. For further details, exhaustive presentation and additional references, an interested reader is addressed to earlier attempts (Caimmi 1980 (Caimmi , 1983 (Caimmi , 1985 (Caimmi , 1987 (Caimmi , 1988 ; hereafter quoted as C80, C83, C85, C87, C88, respectively).
With regard to both radial and meridional (i.e. depending on the polar angle) distortion, the EC associated equations are formulated by use of the power-series approximation, θ n = (θ w + ∆θ) n ≈ θ n w + nθ n−1 w ∆θ which implies (C33; C83): ∆θ θ w ≪ 1 ; w = E, 0 ;
where θ n is the distorted dimensionless density, θ n w its undistorted or radially distorted counterpart, according if w = E (C33 approximation) or w = 0 (extended C33 approximation), respectively, ∆θ is the global or meridional distortion term, and |∆θ/θ w | may be considered as a distortion index. For further details, exhaustive presentation and complete references, an interested reader is addressed to the parent papers (C33; C83).
The above inequality is clearly satisfied in the central region of the system, where θ w < ∼ 1 and distortion due to rigid rotation is small. Conversely, the requisite of vanishing density on the boundary of the undistorted or radially distorted sphere, θ w (Ξ w ) = 0, makes Eq. (3) violated, keeping in mind distortion due to rigid rotation is maximum on the boundary. Accordingly, Eq. (3) is expected to hold above a threshold, θ w > ǫ * w , where ǫ * w depends on an assumed tolerance, 10% say.
The equilibrium equation of EC polytropes (hereafter quoted as EC equation), together with the EC associated equations, have analytic solutions only in the special cases, n = 0, 1, 5, (e.g., C33; Chandrasekhar 1939, Chap. IV; C80; C87; Horedt 1990 , hereafter quoted as H90; Horedt 2004, Chap. 2). The comparison of related physical parameters with their counterparts, numerically computed in a close neighbourhood of the above mentioned values of n, may be a useful test for establishing the dependence on the polytropic index.
For instance, a monotonic trend is shown by Ξ E , θ ′ E (Ξ E ), contrary to θ ′′ E (Ξ E ) and EC associated functions together with their first and second derivatives. More specifically, the first derivatives of the EC associated functions could be monotonic in absence of continuity at n = 0, according to H90 results, while the contrary holds in presence of continuity, according to C83 results, plotted 1 therein and listed in a later attempt (C85). The second derivative, ψ ′′ 2 (Ξ E ), is divergent within the range, 0 < n < 1. In conclusion, further investigation should be needed about the continuity of physical parameters related to EC polytropes in the limit, n → 0, within the framework of C33 approximation.
Concerning the opposite limit, n → 5, it has been noticed that, in the nonrotating case, the dimensionless mass as a function of n exhibits a slight nonmonotonic trend with a minimum within the range, 4.80 < n < 4.85, (Seidov and Kuzakhmedov 1978) . A similar result holds for rigidly rotating configurations (C85) which implies a slight nonmonotonic trend with a maximum, within the above mentioned range, for the axis ratio at the onset of equatorial breakup (C87). Further investigation to this respect should be needed on other physical parameters, and the continuity in the limit, n → 5, should also be tested within the framework of C33 approximation.
Polytropes span over the whole range of configurations with regard not only to density profile (from homogeneous, n = 0, to mass point surrounded by a vanishing atmosphere, n = 5) and rotation (from spherical shape to fissional or equatorial breakup), but also in connection with mechanics (classical or relativistic) and the nature of the fluid (collisional or collisionless). To this last respect, it has been shown that any collisional polytrope has an exact collisionless counterpart within the range, 1/2 ≤ n ≤ 5, (Vandervoort 1980; Vandervoort and Welty 1981) ; which implies a description of stellar systems and cluster of galaxies as well, with the extension to anisotropic stress tensors (Binney and Tremaine 1987, Chap. 4, §2) . For further details, exhaustive presentation and complete references, an interested reader is addressed to specific textbooks (e.g., Horedt 2004) .
In this view, the dependence of physical parameters on the polytropic index could be useful for a number of applications even if n ≥ 1/2 for collisionless systems. For instance, liquid cores within planets or more exotic objects, such as neutron stars and quark stars, and deep oceans within satellites, could be described as polytropes with low n. Quasi static contraction via energy dissipation where total mass and angular momentum are left unchanged, while the polytropic index is increasing, could be described provided the dependence of selected physical parameters on n is known.
The isopycnic (i.e. constant density) surfaces can be approximated as similar and similarly placed ellipsoids (exact for homogeneous configurations) for several investigations, such as the description of gravitational radiation from collapsing and rotating massive star cores, (Saens and Shapiro 1978, 1981) , rigidly rotating and binary polytropes, (Lai et al. 1993 (Lai et al. , 1994a , gravitational collapse of nonbaryonic dark matter and related pancake formation (Bisnovatyi-Kögan 2004, 2005), kinetic energy of ellipsoidal matter distributions (Rodrigues 2014) . In short, inhomogeneous configurations can be described, to an acceptable extent, in terms of properties related to homogeneous configurations.
A description of tenuous gas-dust atmospheres of some stars and tenuous haloes surrounding compact elliptical galaxies, in terms of extended Roche configurations, is mentioned in a recent investigation (Kondratyev and Trubitsina 2013) .
On the other hand, for reasons outlined above, the homogeneous (n = 0) and extended Roche (n = 5) limit for polytropes have never been attained (to the knowledge of the author) using numerical simulations where, at most, 0.1 ≤ n ≤ 4.9. To this respect, a first step must necessarily be performed analytically.
The current attempt is restricted to the investigation of two specific points, namely (i) the extent to which, for different density profiles and rotation rates, the C33 approximation (both in its original and extended form) is self-consistent in the sense that Eq. (3) is satisfied for an assumed tolerance equal to 10%, and (ii) the dependence on the polytropic index, shown by five physical parameters, which are selected in order to avoid divergence at the limiting configurations, n = 0 (homogeneous) and n = 5 (extended Roche system). More specifically, one among the above mentioned parameters is related to the nonrotating configuration, three to the rotating configuration, one to the onset of equatorial breakup. The paper is organized as follows. The general theory of rigidly rotating polytropes is briefly outlined in Section 2. The dependence of the distortion index, |∆θ/θ w |, on the polytropic index, n, 0 ≤ n ≤ 5, the dimensionless radial coordinate, ξ, 0 ≤ ξ ≤ Ξ E , and the rotation parameter, υ, 0 ≤ υ ≤ υ R , is determined in Section 3. Five selected physical parameters are plotted as a function of the polytropic index, n, in Section 4, where simple fitting functions are determined and relative errors are shown. The discussion is performed in Section 5. The conclusion is drawn in Section 6. Further analysis on slowly rotating isopycnic surfaces and detailed exposition of the fitting procedure are left to the Appendix.
General theory
The theory of rigidly rotating polytropes has been exhaustively developed in earlier attempts (e.g., Jeans 1929, Chap. IX; C33; C80; C83; Horedt 2004, Chap. 3); and shall not be repeated here, leaving aside extensions and improvements. An interested reader is addressed to the above quoted parent papers. Only what is relevant for the current investigation shall be reviewed in the following.
EC and EC associated equations
In dimensionless coordinates, the EC equation reads:
where ξ is a dimensionless radial distance, δ = arccos µ the angle with respect to the rotation axis (polar angle), n the polytropic index (0 ≤ n ≤ 5), θ n a dimensionless density, υ a dimensionless rotation parameter, and the index, E, denotes nonrotating configurations (υ = 0). The usual physical quantities relate to their dimensionless counterparts as:
where r is the radial distance, α a scaling radius, p the pressure, p c the central pressure, ρ the density, λ the central density, K related to the central temperature, G the gravitation constant and Ω the angular velocity. For further details, an interested reader is addressed to earlier attempts (e.g., C33; C80). The general solution to the EC equation, Eq. (4a), hereafter quoted as EC function, can be expanded in series of Legendre polynomials as:
where odd terms are ruled out by symmetry with respect to the equatorial plane and A 2ℓ are coefficients which, for 2ℓ > 0, depend on the rotation parameter.
The boundary conditions related to the EC associated functions, θ 2ℓ , can be inferred from Eq. (4b) via (6) and (8) . The result is:
where δ ij is the Kronecker symbol, not to be confused with the polar angle, δ = arccos µ. The Legendre polynomials, P ℓ (µ), can be expressed as:
which satisfy the Legendre equations:
for non negative integer ℓ. For further details, an interested reader is addressed to classical textbooks on the theory of the potential (e.g., MacMillan 1930, Chap. VII, § §185-192).
If the distortion due to rigid rotation may be considered as a small perturbation with respect to the spherical shape, then the first term of the series expansion on the right-hand side of Eq. (8) is dominant and the power on the right-hand side of the EC equation, Eq. (4a), can safely be approximated as:
which is a series expansion in Legendre polynomials, provided a fixed threshold, ǫ * 0 , is not exceeded. The substitution of Eqs. (8) and (13) into the EC equation, Eq. (4a), taking separately the terms of same degree in Legendre polynomials, yields: (15) that is the EC associated equations of degree, 2ℓ. If θ 0 < 0, the real part of the principal value of the complex power, (θ 0 ) x , has to be considered. For further details and exhaustive presentation, an interested reader is addressed to earlier attempts (Linnel 1981; C83; Geroyannis 1988; Geroyannis and Karageorgopoulos 2014).
Isopycnic surfaces
When a spherical polytrope attains rigid rotation, mass elements outside the rotation axis are displaced further away, yielding an oblate configuration where the polar axis coincides with the rotation axis. More specifically, oblateness weakens the gravitational force along the polar axis and strenghtens the gravitational force along the equatorial plane, but the gravitational + centrifugal force is also weakened, which implies loss of spherical shape.
Let θ E (ξ E ) = κ and θ(ξ, µ) = κ be a generic isopycnic surface related to the nonrotating and rigidly rotating configuration, respectively. In terms of the dimensionless radial coordinate, ξ, the isopycnic surface can be expressed as ξ = ξ E and ξ = ξ(µ), respectively. Let the polar and the equatorial coordinate be denoted as ξ p = ξ(1) and ξ e = ξ(0), respectively, where oblateness implies ξ p ≤ ξ E ≤ ξ e .
The generic oblate isopycnic surface, via Eqs. (8) , (9) , (10) , reads:
where ξ p ≤ ξ ≤ ξ e owing to oblateness. In addition, the following inequality:
implies the validity of Eq. (13) . The middle side of Eq. (16) describes an expansion of the nonrotating polytrope as a whole, via θ 0 , and superimposed on this an oblateness, via R 1 . More specifically, θ 0 relates to an expanded sphere, where the radial contribution of rigid rotation adds to the undistorted configuration, and R 1 quantifies the meridional distortion. Let ξ 0 define the (fictitious) isopycnic surface of the expanded sphere, as:
where radial expansion implies ξ E ≤ ξ 0 . The substitution of Eq. (19) into (16) yields:
and the locus, (ξ 0 , ∓µ 0 ), defines the intersection between the oblate isopycnic surface, θ(ξ, µ) = κ, and the (fictitious) isopycnic surface, θ 0 (ξ 0 ) = κ, as depicted in Fig. 1 . In the nonrotating limit, υ → 0, ξ 0 → ξ E , and the term containing P 2 (µ) is expected to be dominant with respect to the others in Eq. (17) . Accordingly, µ 0 relates to P 2 (µ) = 0, hence µ 0 → 1/ √ 3. For further details, an interested reader is addressed to Appendix A.
Gravitational potential
The gravitational potential within EC polytropes reads (e.g., C80):
where V p is an additive constant which, at the moment, remains undetermined. The substitution of Eq. (8) into (21) yields:
where A 0 = 1 according to Eq. (10).
The gravitational potential of a body of revolution, at sufficiently large distance outside the boundary, can be expressed as (e.g., MacMillan 1930, Chap. VII, §193):
where c 2ℓ are dimensionless coefficients and the odd terms are ruled out by symmetry with respect to the equatorial plane. For points near the boundary, Eq. (23) is exact only for spherical-symmetric matter distributions and Roche systems, but remains acceptable provided oblateness maintains sufficiently small or concentration maintains sufficiently high. The worst case relates to homogeneous configurations (n = 0) where, on the other hand, the gravitational potential may be expressed analytically (e.g., MacMillan 1930, Chap. II, §39). The best case relates to extended Roche systems (n = 5), where either the boundary is infinitely distant from the centre of mass or the whole mass is concentrated at a single point surrounded by a massless atmosphere filling a finite volume, both implying an exact formulation.
The continuity of the gravitational potential and the gravitational force on a selected point of the boundary, Ξ = Ξ(µ), implies Eqs. (22), (23) , and related first derivatives, match at (Ξ, µ) for the terms of the same degree in Legendre polynomials. The result is:
where A 0 = 1, Eq. (10), and the constants, A 2ℓ , c 2ℓ , c p , are the solutions of the system, Eqs. (24) and (25), for 2ℓ = 0, 2, 4, .... After performing a lot of algebra, related explicit expressions read:
for 2ℓ = 0 where, in general, θ 0 (Ξ) = κ b , and:
for 2ℓ = 2, and:
which implies the following:
for 2ℓ > 2. More specifically, a null value of the sum within square brackets in Eq. (31) would be in contradiction with the EC associated equation, Eq. (15). Accordingly, Eqs. (16), (17), (18), reduce to:
where, in particular, κ = κ b on the boundary. In addition, Eq. (20) reduces to:
which implies µ 0 = 1/ √ 3, δ 0 = arctan √ 2, and the locus of intersections between isopycnic surfaces, θ(ξ, µ) = κ and θ 0 (ξ 0 ) = κ, is the surface of a cone with axis coinciding with the polar axis, vertex coinciding with the centre of mass and generatrixes, δ 0 = arctan √ 2. If, in particular, Ξ = Ξ p in Eqs. (27)- (31), the equation of the boundary via Eq. (33) specifies to:
where P 2 (1) = 1. Then the combination of Eqs. (29) and (37) yields:
which is a transcendental equation in Ξ p . Keeping in mind θ 2 (ξ) ∼ ξ 2 as ξ → 0 (C33; C83) and θ 0 (Ξ 0 ) = κ b , Ξ 0 ≥ Ξ p , the left-hand side of Eq. (38) maintains both finite and positive, while the right-hand side is monotonically decreasing from positive infinite to zero via Eqs. (9) and (19) , within the range, 0 ≤ Ξ p ≤ Ξ 0 . Accordingly, Eq. (37) admits a unique solution within the above mentioned range.
The dimensionless equatorial semiaxis, Ξ e , can be determined using the equation of the boundary via Eq. (33), which translates into:
where P 2 (0) = −1/2, which is a transcendental equation in Ξ e . The knowledge of the dimensionless semiaxes, Ξ p , Ξ e , implies the knowledge of the axis ratio, as:
according to Eq. (5).
In the following, the whole procedure for determining A 2 and related quantities via Eq. (29), particularized to Ξ = Ξ p , shall be quoted as the Chandrasekhar procedure (C33) extended to the pole of the system or, in short, the extended C33 procedure.
If the isopycnic surfaces are expressed by Eq. (33), a better method for determining the constants, c p and A 2 , acts as follows: (1) calculate the gravitational potential at the centre of mass using the equilibrium equation via Eq. (21) and the mass distribution via Eq. (6), and express c p by comparison of related results; (2) calculate the gravitational force at the pole using the equilibrium equation via Eq. (21) and the mass distribution via Eq. (6), and express A 2 by comparison of related results. For further details, an interested reader is addressed to to the parent papers (C80; C83).
In the following, the whole procedure for determining A 2 and related quantities, as outlined above, shall be quoted as the C80 procedure.
C33 approximation
A simpler approximation was used in the original parent paper (C33). More specifically, Eq. (8) is expressed therein as:
where C 2ℓ are constants and ξ p ≤ ξ ≤ ξ e on a selected isopycnic surface. If the distortion due to rigid rotation may be considered as a small perturbation with respect to the spherical shape, then the first term of the series expansion on the right-hand side of Eq. (41) is dominant and the power on the right-hand side of the EC equation, Eq. (4a), can safely be approximated as:
which is a series expansion in Legendre polynomials, provided a fixed threshold, ǫ * E , is not exceeded. The substitution of Eqs. (41) and (44) into the EC equation, Eq. (4a), taking separately the terms of same degree in Legendre polynomials, yields:
where ψ 0 and ψ 2ℓ , 2ℓ > 0, relate to the radial expansion and the meridional distortion, respectively, due to rigid rotation. The comparison between Eqs. (15) and (46) discloses that:
which enlightens the difference between C33 and extended C33 approximation. Keeping in mind the solutions of EC associated equations, Eqs. (15) and (46), remain undetermined by a multiplicative constant for 2ℓ > 0, Eq. (49) may be splitted as:
with no loss of generality. The gravitational potential and the gravitational force inside and outside the system can be matched on the boundary of the nonrotating sphere, Ξ = Ξ E , and Eqs. (27)-(32) still hold provided Ξ p , θ 0 , A 2ℓ θ 2ℓ , are replaced by Ξ E , θ E + υψ 0 , υC 2ℓ ψ 2ℓ , respectively. The result is:
(51)
for further details, an interested reader is addressed to the parent paper (C33).
In the following, the whole procedure for determining A 2 = υC 2 and related quantities by use of the Chandrasekhar approximation (C33) shall be quoted as the C33 procedure.
A self-consistent method
The validity of the EC associated equations, Eq. (15), via Eq. (13), is implied by the inequality, expressed by Eq. (35) . For a generic isopycnic surface, defined by Eq. (33), the above mentioned inequality can be formulated as:
where θ 0 (ξ 0 ) = κ and ξ 0 = ξ(∓1/ √ 3) is the intersection between a selected oblate isopycnic surface and its (fictitious) counterpart related to the expanded sphere. The function, ζ(ξ, µ), may be conceived as a distortion indicator. In particular, ζ(ξ 0 , µ 0 ) = 0 and ζ(Ξ, µ) = 1 provided Ξ = Ξ 0 and κ b = 0. For fixed ξ, the distortion indicator has a maximum on the polar axis, ζ(ξ, µ) ≤ ζ(ξ p , 1) = ζ p (ξ p ), due to P 2 (µ) ≤ 1. According to Eq. (57), the distortion indicator, ζ p , is maximized as κ b = θ 0 (Ξ 0 ) → 0 or θ(Ξ, µ) → 0 which, on the other hand, is mostly considered in literature (e.g., Horedt 2004, Chap. 2, §2.2). For this reason, κ b = 0 shall be assumed in the following. To get deeper insight, special cases for which analytical solutions exist shall first be considered.
The special case n = 0
The solutions of the EC associated equations, Eqs. (15), (46), for n = 0, keeping in mind Eqs. (47), (50), read:
where the boundary conditions are expressed by Eq. (9). According to the extended C33 procedure, Eq. (29) reduces to:
and the substitution of Eqs. (58)- (62) into (37)- (40) yields after some algebra:
accordingly, the rotation parameter, υ, the dimensionless radius of the expanded sphere, Ξ 0 , and the coefficient, A 2 , may be expressed in terms of the axis ratio, ǫ, as:
where γ(1) = 2/3, according to the next Eq. (68). The above results cannot be considered as acceptable approximations, leaving aside the dependence of A 2 on ǫ, Eq. (66), which shows an increasing discrepancy for decreasing ǫ up to 30% for ǫ = 0 (C80). An exact formulation can be derived following the C80 procedure. The result is:
accordingly, υ(ǫ) is nonmonotonic and
The coordinates of the extremum point, which must necessarily be positive, satisfy the transcendental equation, dυ/ dǫ = 0, or (e.g., Caimmi 2006):
which has two solutions on the boundary of the domain, according to Eq. (68), and a third solution inside the domain, related to the extremum point (e.g., Chandrasekhar 1969, Chap. 5, §32). The flat configuration, ǫ = 0, υ = 0, is also centrifugally supported, υ R = 0, but the system is unstable towards bar modes for ǫ < 0.58272. For further details and additional references, an interested reader is addressed to the parent paper (C80). The substitution of Eqs. (58)-(61) and (66) into (57) yields after some algebra:
where it can be seen ζ(ξ, µ) ≪ 1 implies ξ 0 ≪ Ξ 0 inside the related isopycnic surface of the expanded sphere, ξ < ξ 0 , and
1/2 outside the related isopycnic surface of the expanded sphere but inside the expanded sphere, ξ 0 < ξ < Ξ 0 , while no acceptable solution to the above mentioned inequality exists outside the expanded sphere, ξ > Ξ 0 .
For practical purposes, it is better dealing with the upper limit, ζ p (ξ p ) = ζ(ξ p , 1) ≥ ζ(ξ, µ). To this respect, the substitution of Eqs. (58), (61) and (62) or (67) into (57) yields, after some algebra, an explicit expression of the distortion indicator, ζ p , for the extended C33 or the C80 procedure, respectively.
The special case
where the boundary conditions are expressed by Eq. (9). The first derivative of the last function, after some algebra, reads:
and the substitution of Eqs. (75), (76), into (29) , according to the extended C33 procedure, after some algebra yields:
and the dimensionless semiaxes, Ξ p , Ξ e , are the solution of the transcendental equations, Eqs. (38) , (39) , respectively, via (73), taking κ b = 0. Numerical computations must be performed following the C80 procedure, as the gravitational potential within the system cannot be expressed analytically. It can be seen the rotation parameter, υ, and the coefficient, −A 2 , monotonically increase up to about 0.107 and 0.962, respectively, as the axis ratio, ǫ, decreases up to about 0.531. Additional rotation would imply equatorial breakup. For further details, an interested reader is addressed to the parent paper (C80).
The special case n = 5
The solutions of the EC associated equations, Eqs. (15), (46), for n = 5, keeping in mind Eqs. (47), (50), read:
where the boundary conditions are expressed by Eq. (9). With regard to Eqs. (78)- (79), it can be seen θ E (ξ) = cos ν fits to the correct nonrotating limit (e.g., C80) while ψ 0 (ξ) = (1/2) tan 2 ν is an approximate solution of Eq. (46) which attains the same asymptotic expression as the exact solution, ψ 0 (ξ) → ξ 2 /6, for both ξ → 0 and ξ → +∞ (H90). On the other hand, υ → 0 in the case under discussion and υψ 0 (ξ) is infinitesimal while θ E (ξ) maintains finite provided ξ < +∞. Accordingly, Eq. (78) may be considered as infinitely close to the exact solution of the EC associated equation of degree, 2ℓ = 0, Eq. (15).
In the limit, ξ → +∞, the following relations hold:
where the dimensionless boundary, Ξ(µ), extends to infinity and κ b = 0. In the nonrotating limit,
where the dimensionless boundary, Ξ E (µ), attains infinity.
According to the extended C33 procedure, Eqs. (27)- (30) reduce to:
and the substitution of Eqs. (78)- (91) into (37)- (40) after some algebra yields:
where, in particular, centrifugal equilibrium is attained at the equator for υΞ
. Additional rotation makes the onset of equatorial breakup. For further details, an interested reader is addressed to the parent paper (C87).
The substitution of Eqs. (78)- (80) and (91) into (57), keeping in mind ǫ ≥ 2/3, yields after some algebra:
for infinite dimensionless distances, ξ → +∞; if otherwise, ζ(ξ, µ) → 0. For practical purposes, it is better dealing with the upper limit, ζ p (ξ p ) = ζ(ξ p , 1) ≥ ζ(ξ, µ). To this respect, the substitution of Eqs. (81), (84), (91)-(94), into (57) yields after some algebra:
provided ξ p → +∞. The special case of centrifugal equilibrium, ǫ = 2/3, at the pole, ξ p = Ξ p = Ξ E , reads ζ(Ξ E , 1) = 8/89. The above results can be obtained following the C80 procedure which, in the case under discussion, is equivalent to the extended C33 procedure, in that both are exact. For further details, an interested reader is addressed to the parent paper (C87).
The general case
Equilibrium configurations related to both C33 and extended C33 procedure are increasingly near to their exact counterparts as the rotation parameter is increasingly smaller, υ → 0. On the other hand, equilibrium configurations related to the C80 procedure are conceptually exact but suffer from approximations related to numerical integrations. In particular, υ is infinitesimal for n = 5, where the isopycnic surfaces are distorted only at infinite dimensionless distances from the centre of mass, ξ → +∞, and the extended C33 procedure yields exact results.
Conversely, υ rises up to a maximum and later decreases for n = 0, where the isopycnic surfaces (intended as coinciding with gravitational + centrifugal equipotential surfaces for homogeneous configurations) can be distorted, leaving aside instabilities, up to a flat disk, and the extended C33 procedure yields very rough results unless υ → 0, ǫ → 1.
The special case, n = 1, lies between the above mentioned extreme situations, n = 5 and n = 0. Accordingly, results from both the C33 and the extended C33 procedure are expected to provide a better description of equilibrium configurations for increasing polytropic index, n.
Aiming to a rapid insight to the dependence of the distortion indicator, ζ p , on the polytropic index, n, and the rotation parameter, υ, the EC associated functions, θ 0 , θ 2 , shall be expressed according to the extended C33 procedure, but approximated according to the C33 procedure. The result is:
and the substitution of Eqs. (33), (97), (98), into (57) yields after some algebra:
which may readily be calculated in that the functions, θ E , ψ 0 , ψ 2 , are tabulated.
On the boundary of the nonrotating sphere,
, are available (e.g., C85; H90). In addition, ζ p (Ξ E ) = −C 2 ψ 2 (Ξ E )/ψ 0 (Ξ E ), regardless of the rotation parameter, υ, with the exception of the special case, n = 5, where θ E (ξ), υψ 0 (ξ), υψ 2 (ξ), are infinitesimal of the same order for ξ → Ξ E , as can be inferred from Eqs. (81)-(86). High-precision values of θ E (ξ), 0 ≤ ξ ≤ Ξ E , are also available (e.g., Horedt 1986 ). On the other hand, to the knowledge of the author, values of ψ 0 (ξ), ψ ′ 0 (ξ), ψ 2 (ξ), ψ ′ 2 (ξ), 0 < ξ < Ξ E , can be found only in the parent paper (C33). The above mentioned references make the source of the data used for analysing the dependence of the distortion indicator, ζ p (ξ p ), on the polytropic index, n, the rotation parameter, υ, and the fractional dimensionless radial coordinate, ξ/Ξ E .
The results are shown in Figs. 2 and 3 , where different curves (from bottom to top) relate to rotation parameter values, υ/υ c = 0.1, 0.2, ..., 1.0, and υ c is a threshold which denotes the onset of instability against bar modes (n < ∼ 0.808) or equatorial breakup (n > ∼ 0.808). To gain insight, cases n = 1, 5, are repeated and the special value, ζ p = 0.1, is marked by a dashed horizontal straight line. More specifically, left and right panels of Fig. 2 correspond to the C80 and C33 procedure, respectively, while only the latter is considered in Fig. 3 . All curves diverge at ξ = Ξ 0 , θ 0 (Ξ 0 ) = 0, according to Eq. (57), provided µ = µ 0 and n < 5. The parameter, C 2 = A 2 /υ, is independent of the rotation parameter, υ, according to Eq. (53), in the C33 procedure, while the contrary holds, according to Eqs. (67), (70), for n = 0, and to numerical results for 0 < n < 5, in the C80 procedure. In the special case, n = 5, both the C33 and the C80 procedure coincide with the exact theory.
It is worth noticing critical rotation parameter values are taken from different investigations. While there is general consensus on the onset of barlike instabilities (in absence of tidal potential) at υ c = 0.1871 for n = 0 (e.g., Jeans 1929, Chap. VIII, §192), the contrary holds for the onset of equatorial breakup, as shown in Table 1 . For n = 1, values from C80 were necessarily to be used in that values of A 2 (υ) were also used in dealing with the C80 procedure. Related middle panels of Fig. 2 can be renormalized to the J64 (James 1964) value, (υ c ) J64 = 0.083720, keeping in mind 0.8(υ c ) C80 = 0.8 × 0.10654 = 0.085232, which implies the last upper two curves must be neglected for closer comparison with cases, n = 1.5, 2, 3. For n = 4, υ c has been taken from a different source (C85). A full list of values together with related references can be found in specific textbooks (e.g., Horedt 2004, Chap. 3, §3.8.8) with the addition of a few exceptions (e.g., C80) and recent attempts (e.g., Geroyannis and Karageorgopoulos 2014).
An inspection of Figs. 2 and 3 discloses the following.
• For small values of the rotation parameter, υ/υ c ≈ 0.1-0.2, the distortion indicator satisfies ζ p < ∼ 0.1 within the range of polytropic index, 0 ≤ n < 5, provided ξ/Ξ E < ∼ 0.8.
• Let ζ p < ∼ 0.1 be assumed as a criterion for the validity, to an acceptable extent, of Eq. (13) . According to the above results, it holds up to ξ/Ξ E < ∼ 0.8 in the limit of low rotation parameter, υ/υ c ≤ 0.1, and roughly up to ξ/Ξ E ≈ (n + 8)/20 in the limit of large rotation parameter, 0.9 ≤ υ/υ c ≤ 1, provided n < 5, while it holds up to ξ/Ξ E = 1, regardless of the rotation parameter, provided n = 5. Outside the above mentioned ranges in ξ/Ξ E , Eq. (13) no longer holds and the EC equation, Eq. (4a), should be integrated using a different kind of approximation, unless n = 0, 1, 5.
Dependence on n of selected parameters
The investigation of the dependence on the polytropic index, n, has been restricted to the following parameters:
E , which are related to well defined physical features, namely the continuity of the gravitational potential on the boundary and, concerning the last one, to the onset of equatorial breakup. As a first step, let the above mentioned functions be explicitly expressed in the special cases, n = 0, 1, 5.
With regard to the special case, n = 0, the substitution of Eqs. (58)-(61) into (52)-(54) after some algebra yields:
where the onset of equatorial breakup, υ R = 0, ǫ R = 0, as already mentioned, relates to an unstable configuration. With regard to the special case, n = 1, the substitution of Eqs. (73)- (75) into (52)-(54) after some algebra yields:
; n = 1 ; (102) where the value of rotation parameter at the onset of equatorial breakup, υ R , cannot be analytically expressed and depends on the method used, as shown in Table 1 . With regard to the special case, n = 5, the substitution of Eqs. (78)-(80) into (52)-(54) after some algebra yields:
where ψ 0 (ξ) ∼ ξ 2 /6 as ξ → +∞ (H90) and the exact expression for finite ξ (H90) does not matter as υ → 0 in the case under consideration, υψ o (ξ) → 0 for finite ξ, which makes the effect of distorsion negligible therein (C87). At the onset of equatorial breakup, ǫ R = 2/3, υ R Ξ With regard to an assigned empirical function, f (n), and related fitting curve, f fit (n), the relative error may be expressed as:
which is plotted in Fig. 5 for the cases of interest (from top to bottom),
, respectively, where different symbols denote results from different sources, in particular squares (C85) and crosses (H90).
An inspection of Figs. 4 and 5 discloses the following.
• The parameter, c E /Ξ E , matches to the limiting case, n = 0, for both C85 and H90 results. The parameters, • The parameters, c E /Ξ E , C 2 , υ R Ξ 3 E , match to the limiting case, n = 5, for both C85 and H90 (υ R Ξ 3 E unavailable) results, while the contrary holds with regard to the parameters, d 0 /Ξ E , d 2 /Ξ 3 E , for both C85 (d 0 /Ξ E unavailable) and H90 results.
•
The parameter, υ R Ξ 3 E , exhibits a nonmonotonic trend in fissional regime, 0 ≤ n ≤ 0.808, for C85 results, even if the discrepancy with respect to numerical computations is unacceptably large. •
The relative errors of the fitting curves lie within about 5% for both C85 and H90 results in connection with the parameters, 
Discussion
Open questions on the theory of EC polytropes have been focused as (1) What about the validity of EC associated equations, which imply the following approximations:
on a region sufficiently close to the boundary, where θ 0 ≈ 0 and θ E ≈ 0?
(2) What about the continuity of selected parameters as function of the polytropic index, n, in the close neighbourhood of the limiting cases, n = 0, 5? (16) and (19) , within the framework of the extended EC approximation. Then the EC equation, Eq. (4a), for µ = µ 0 reduces to the EC associated equation of degree, 2ℓ = 0, Eq. (15), via Eqs. (12), (20) , and the related solution holds all over the radially distorted sphere. On the other hand, Eq. (20) implies the validity of the EC associated equation of order, 2ℓ = 2, Eq. (15), provided µ is close enough to µ 0 . Then the related solution holds all over the radially distorted sphere. In fact, the EC associated functions, θ 2ℓ , depend only on the radial coordinate and remain unchanged along an arbitrary spherical surface centered on the origin. This is why, though the validity of the EC associated equations appears restricted to a special region within the system, still their solutions hold at any point, provided θ n 0 is the real part of the principal value of the complex power within the range, Ξ 0 < ξ < Ξ e , (Linnel 1981; C83; Geroyannis 1988; Geroyannis and Karageorgopoulos 2014). More specifically, θ 2ℓ must be conceived as the solutions of EC associated equations in the region where Eq. (13) holds to a good extent, and solutions of different versions of EC associated equations in the region where Eq. (13) is an unacceptable approximation.
The above results are valid for the EC associated functions, θ 0 and θ 2 , in the framework of the extended C33 approximation. The same holds for the EC associated functions, ψ 0 , ψ 2 , via Eqs. (47)- (49), in the framework of the C33 approximation.
Concerning (ii), among the selected parameters, the comparison between results from different sources (C85; H90) can be performed only for Fig. 4 shows related results agree to a good extent for n > 0.1, while H90 results are lacking within the range, 0 < n < 0.1. The sole significant discrepancy occurs for d 2 /Ξ 3 E at n = 0.1. The reason can be found in the parent papers, where the EC associated functions, ψ 0 , ψ 2 , and their first derivatives, match to their counterparts at n = 0 in one case (C85; ψ 0 unavailable), while the contrary holds in the other one (H90). The continuity is implied in that ψ 0 , ψ 2 , are related to the gravitational potential inside the body, which is expected to change continuously as the density profile tends to be flat.
To this respect, it is worth emphasizing the above mentioned attempts use different methods for solving the EC associated equations, namely series solutions (C85) and direct numerical integration (H90). The results are in perfect agreement with regard to the EC function and its first derivatives. The same holds for the EC associated function, θ 2 (Ξ E ; υ = 0) = ψ 2 (Ξ E ) (ψ 0 has not been evaluated in C83) provided n ≥ 1. On the contrary, significant discrepancies arise for θ 2 
is divergent within the range, 0 < n < 0.5, 0.5 < n < 1, (C83). It can be seen no exact value of θ 2ℓ (Ξ E ; υ = 0) = ψ 2ℓ (Ξ E ) can be obtained from numerical integration in the neighbourhood of n = 0 (H90). Accordingly, results inferred via series solutions must be preferred in this region, which ensures continuity (C83). Then the selected parameters may safely be thought of as continuous as the polytropic index, n, approaches 0 i.e. the system tends to be homogeneous.
In the opposite limit, n → 5, the system tends to be infinitely extended or infinitely concentrated. The parameters, c E /Ξ E , C 2 , υ R Ξ
Conclusion
With regard to polytropes, the isopycnic surfaces can be approximated as similar and similarly placed ellipsoids (exact for homogeneous configurations) for several investigations, such as the description of gravitational radiation from collapsing and rotating massive star cores, (Saens and Shapiro 1978, 1981) , rigidly rotating and binary polytropes, (Lai et al. 1993 (Lai et al. , 1994a , gravitational collapse of nonbaryonic dark matter and related pancake formation, (Bisnovatyi-Kögan 2004, 2005) .
In addition, inhomogeneous configurations sufficiently close to the extended Roche limit (n < ∼ 5) can be described, to an acceptable extent, in terms of properties related to extended Roche configurations (n = 5). A description of tenuous gas-dust atmospheres of some stars and tenuous haloes surrounding compact elliptical galaxies, in terms of extended Roche configurations, is mentioned in a recent investigation (Kondratyev and Trubitsina 2013) .
On the other hand, numerical simulations have not been performed (to the knowledge of the author) outside the range, 0.1 ≤ n ≤ 4.9. Then a first step in exploiting the limits, n → 0, n → 5, with regard to selected physical parameters, must necessarily be performed analytically.
The current attempt has been devoted to two specific points about EC polytropes, namely (i) the extent to which both C33 and extended C33 approximation are consistent with the binomial series approximation, (θ w + ∆θ) n ≈ θ n w + nθ n−1 w ∆θ, keeping in mind θ w → 0 on the boundary, w = E, 0, respectively, and (ii) the trend shown by selected parameters as a function of the polytropic index, n, in particular the continuity in the neighbourhood of the limiting cases, n = 0, 5. The main results may be summarized as follows.
• Though the validity of EC associated equations is restricted to a specific region within the system, still related solutions hold within the whole volume with regard to the EC associated functions, θ 0 , θ 2 , in the framework of the extended C33 approximation, and ψ 0 , ψ 2 , in the framework of the C33 approximation.
• The expected continuity of the parameters,
, as a function of the polytropic index, n, has been safely verified as n → 0 with the exception of d 0 /Ξ E , υ R Ξ 3 E , and as n → 5 with the exception of d 0 /Ξ E , d 2 /Ξ 3 E , where additional data would be needed.
• Simple fits to the above mentioned functions are provided for a wide range of n, where the relative error does not exceed a few percent. Related curves are exponential depending on four parameters, with the exception of C 2 , where two straight lines are joined by a parabolic segment.
The expression of physical parameters in terms of the polytropic index, n, can be used in building up sequences of configurations with changing density profile for assigned mass and angular momentum.
• Fix (ξ 0 ) 3 = ξ 0 µ 0 and trace the square with side equal to (ξ 0 ) 3 and three vertexes on the non negative coordinate semiaxes.
• Trace the quarter of circle centered on the origin, with radius equal to the diagonal of the square defined above, lying on the first quadrant.
• Trace the square with side equal to the diagonal of the square defined above and three vertexes on the non negative coordinate semiaxes.
• Trace the continuation of the horizontal side of the former square defined above, parallel to the horizontal axis, up to the intersection with the vertical side of the latter square defined above, parallel to the vertical axis.
• The intersection defined above yields the point,
, and hence the locus, (ξ 0 , ∓µ 0 ).
B Determination of fitting curves
With regard to the parameters of EC polytropes, plotted in Fig. 4 , fitting curves shall be determined aiming to get simple expressions instead of best fits. To this end, a lot of symbols is needed, part of which has already been used throughout the text with a different meaning. The reader has to keep in mind that symbols denoting parameters of the fitting curves have no connection with their counterparts (if any) defined in the text.
In the neighbourhood of polytropic indexes where exact analytic results can be determined, n = 0, 1, 5, a series approximation can be developed (Seidov and Kuzackhmedov 1978; C88) . Unfortunately, for n = 0, 5, the quantities of interest cannot be satisfactorily fitted, as shown by the broken lines (if any) plotted in Fig. 4 . The sole exception is c E /Ξ E , where an excellent fit is provided within the range, 0 < n < 0.5, 4 < n < 5, as shown in Fig. 4 , top left panel, lower case.
For n > ∼ 0, the result is:
where υ R is the value of the rotation parameter at the onset of equatorial breakup (leaving aside instabilities) for EC polytropes of index, n. In the limit, n → 0, Eqs. (107)-(110) reduce to their exact counterparts, Eq. (101). For n < ∼ 5, the result is:
which coincide with or reduce to their exact counterparts, Eq. (103), as n → 5.
For n ≈ 1, a regular trend is shown by the data plotted in Fig. 4 and no analytical approximation is needed to gain further insight.
With regard to the parameter, C 2 , the fit has been performed in the following way. First, regression lines have been determined, using standard methods, close enough to and far enough from n = 0, respectively. The result is:
as shown in Fig. 4 , bottom left panel. The indexes, F, C, denote instability with respect to bar modes (n < 0.808) and equatorial breakup (n ≥ 0.808), respectively. From this point on, in the case under discussion, the notation, (OnC 2 ) = (Oxy), shall be used for simplicity. Second, the straight lines are joined by a parabola requiring the following.
• The axis of the parabola coincides with the bisector of the angle formed by the regression lines, expressed as:
according to standard results of analytic geometry.
• The first derivatives of the joining parabola, p(x, y) = 0, at the joining points, P F ≡ (x F , y F ), P C ≡ (x C , y C ), equal the slope of related regression lines, as:
or, in other words, the joining parabola is tangent to the regression lines at the points, P F , P C , respectively.
For determining the equation of the parabola, a change of reference frame is needed, where the new origin, Q, coincides with the intersection point between the regression lines, P I ≡ (x I , y I ), the vertical axis, Y , coincides with the bisector of the angle, γ, formed by the regression lines, and the chirality is preserved i.e. (Oxy) and (QXY ) can be superimposed on the common plane.
The explicit expression of the coordinates of the intersection point reads:
according to standard results of analytic geometry. Finally, the change of reference frame takes the expression:
where θ is the angle between the starting axis, y, and the resulting axis, Y , i.e. the bisector of the angle, γ. The related explicit expression reads:
according to standard results of analytic geometry. With regard to the resulting reference frame, (QXY ), the regression lines intersect at the origin, Q ≡ P I , and exhibit equal and opposite slopes as:
according to standard results of analytic geometry. In addition, the joining points,
, are symmetrical with respect to the Y axis as:
and the equation of the parabola reduces to:
where the term in X is ruled out by the above mentioned symmetry.
For assigned (x F , y F ) or (x C , y C ), (X F , Y F ) and (X C , Y C ) can be determined via Eqs. (124)-(128) . The remaining point, (x C , y C ) or (x F , y F ), can be determined inverting Eq. (125) as:
and particularizing to (x, y) = (
The coefficients, A, C, appearing in Eq. (129), can be expressed keeping in mind the joining parabola is tangent to the regression lines at (X F , Y F ) and (X C , Y C ). The result is:
and the equation of the parabola in the starting reference frame, p(x, y) = 0, can be determined inserting Eqs. (125), (131), (132), into (129). In summary, the above mentioned procedure acts along the following steps.
(a) Choose a joining point, P U ≡ (x U , y U ), on the regression line, y = a U x + b U , U = F or U = C.
(b) Change the reference frame from (Oxy) to (QXY ).
(c) With regard to the resulting frame, (QXY ), determine the joining points,
(d) With regard to the starting frame, (Oxy), determine the joining point, 
E , a fitting exponential function has been chosen, as:
where x = n, y = f (x) is the parameter of interest, and C 1 , C 2 , C 3 , γ, are constants to be determined. The related boundary conditions are:
where y 0 , y 1 , y 5 , can be analytically expressed and y 2 has to be numerically computed.
The substitution of Eq. (136) into (135) after some algebra yields:
where the inequality must necessarily hold owing to (i) the exponential function is always positive and (ii) the real basis of a power with a real exponent is defined for non negative values. Let (x A , y A ), (x B , y B ), (x C , y C ), be generic points for which the coordinates are known. The particularization of Eq. (140) to (x A , y A ), (x B , y B ), and the combination of related expressions, after some algebra yields:
and the combination of Eq. (141) with its counterpart related to (x A , y A ), (x C , y C ), after some algebra produces:
where the intersection of related curves yields the value of C 1 .
In the case under discussion, (x A , y A ) = (1, y 1 ), (x B , y B ) = (2, y 2 ), (x C , y C ) = (5, y 5 ), and Eq. (142) reduces to: ln 5 ln ln
where the knowledge of C 1 together with y 0 , y 1 , y 2 , y 5 , makes the remaining parameters, C 2 , C 3 , γ, be inferred from Eqs. (136)-(139). Related fitting curves are shown in Fig. 4 , top left, top right and bottom right panels. For further details, each case must be discussed separately.
With regard to the function, f (n) = c E /Ξ E , plotted in Fig. 4 , top left panel, lower case, the parameters of the fitting curve are found to be: 
which is expected to hold to a good extent within the range, 4 ≤ n ≤ 5, avoiding computational errors due to large values of the dimensionless radius, Ξ E . 
